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point further we rewrite equation (4) in dimensionless form as 

and with 1+ 
to give 

Use of (6.~~) 

ti();+ t-(&,+) integrate with u+ = 

= O.O307Re,, and K = 0.41 gives 

u+ = !_ ln i. +g.5, 
h’ 0 \ 

(6) 

Oaty+ = 0 

(7) 

(8) 

and theconstant 8.5 is seen to be identical to Nikuradse’s value 
(though Nikuradse did recommend x’ = 0.40). Equation (8) is 
also shown in Table 1, and agrees with the velocity profile 
obtained from equation (5) with (Sy,)+ = O.O307(Re,-46) to 
within 2%. Thus we conclude that if equation (3) is used to 
calculate the velocity profile, (a~,,)+ = O.O307(Re, -46) is 
appropriate, while if equation (4) is used (Sy,)+ = O.O307Re, is 
appropriate ; also equation (1) does not contain any significant 
information beyond that which is contained in Nikuradse’s 
fully rough velocity profile. The effect of the constant -46 in 
equation (I) is to approximately cancel the effect of v in 
equations(2)and (3)so as to have anegligibleeffect ofviscosity 
on the fully rough velocity profile. Thus we cannot agree with 
the assertion following equation (3) ofref. [ 11 that the implicit 
viscosity dependence in equation (I) results from viscosity not 
having a completely negligible effect on fully rough 
hydrodynamic behavior : the alleged viscosity dependence has 
been shown to be present simply because it is required to 
cancel the viscosity term in the boundary layer equations, if 
that uiscosiry term is retained. If the viscosity is not retained in 
the boundary layer equations for a fully rough wall, the 
constant -46 in equation (1) is not required, and the required 

mixing length offset can be deduced directly from Nikuradse’s 
velocity profile, or its equivalent. 
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REPLY TO “COMMENTS ON ‘A HEAT TRANSFER PREDICTION METHOD FOR 
TURBULENT BOUNDARY LAYERS DEVELOPING OVER ROUGH SURFACES 

WITH TRANSPIRATION” 

MOST of the correct remarks made by Mills and Hang 
regarding the closure model of ref. Cl] have been taken from 
our private communications with them. A reply is required in 
order to clarify their incorrect statements, and to avoid any 
confusion about the mixing-length closure scheme given in ref. 
[l]. It should also be mentioned that the use of equations (6k 
(8) in the comment is a rearranged form of derivations 
presented in refs. [2,3]. 

Referring to thelast sentenceofthecomment,itisnot logical 
to discard viscosity (viscous stress) terms if they are actually 
fan-negligible. What is needed, and what is providedin ref. [I], 
is a viscosity-dependent mixing length which will reproduce 
the observed Reynolds number independence of the equation 

U + = k In (y/k,) + 8.5. (1) 

As shown by results in refs. [Z, 41, equation (1) is valid in log- 
regions of boundary layers developing over impermeable 
uniform spheres roughness when Re, > 55. Reference [Z] also 
shows that equation (1) is faithfully reproduced by the closure 
model described in ref. [ 11. 

The viscosity independence of equation (1) results from near 
cancellation of the direct effects of viscosity on turbulent 
diffusion for an impermeable surface. However, Mills and 
Hang have confused the fact that this near cancellation is 
required because viscosity is present and non-negligible, even 

for Re, values well above the fully rough threshold value of 55. 
The fact that viscosity is not insignificant is evident from 
results in Fig. 1, where V/Q,, is shown as determined from 
measurements presented in refs. [2, 43. These results are in 
excellent agreement with v/eM from the mixing-length 
equations of ref. Cl]. 

Towards the end of their comment, Mills and Hang have 
disagreed over a statement which we never made. In 
doing so, these individuals have missed two important points 
madeclearafterequation(3)inref. [l].Thefirst is that thefully 
rough mixing length retains a viscosity dependence, which 
arises from the Re; = 46 term in equation (2) of ref. [l]. 
Secondly, the viscosity dependence of fully rough hydro- 
dynamic properties, such as the mixing length and eddy 
diffusivity for momentum, en. is expected to be most evident 
for roughness Reynolds numbers ranging from Re,,. to 
about 200. 

We agree that, on impermeable rough walls, our viscosity- 
dependent mixing length almost exactly cancels the effect of 
the viscous shear stress, thus reproducing the observed 
Reynolds number independence of equation (1) for roughness 
Reynolds numbers above about 55. Clearly, the same result is 
obtained by ignoring both the mixing-length viscosity- 
dependent terms and the effect of viscosity on the diffusion of 
momentum. However, the cancellation is unlikely to persist in 
the case of transpiration for which our model was intended, 
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FIG. 1. Variation of v/es, in near-wall regions of fully rough turbulent boundary layers. 

and we would expect our physically realistic model to perform 
much better than if all viscous effects are unscientifically 
omitted. Viscosity independence of bluff body flows does not 
normally occur at roughness Reynolds numbers as low as 55, 
so it is clear that the flow over an impermeable wall having 
uniform spheres roughness requires more care in turbulence 
modelling than Mills and Hang seem to think. 
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COMMENTS ON ‘SOME PROPERTIES OF THE COEFFICIENT MATRIX OF THE 
DIFFERENTIAL EQUATIONS FOR PARALLEL-FLOW MULTICHANNEL HEAT 

EXCHANGERS’ 

I SHOULD like to make some comments on the information 
given in the short communication by L. Mahnowski, Int. J. 
Heat Mass Transfer 26, 316 (1983). 

Malinowski states that the general solution of the matrix 
differential equation for parallel-flow heat exchangers 

as given by Wolf [l], is not a general solution at all, even with 
thecomplementgiveninref.[2],sincemultiplenon-zerolatent 
roots of A may occur. 

This is not entirely true, but the main point is that the 
general solution is already known. 

In the mid 1970s it was proved that for Zwr # 0, matrix A 
has one, and for XK = 0 two, and only two, zero latent roots 
[2,3]. More recently Zaleski proved that all the blocks of the 
Jordan canonical matrix J, corresponding to the non-zero 
latent roots of A, are of the first order, irrespective of a possible 
multiplicity of the latent roots [4]. 

The general solution to equation (1) is 

t=KeJ’C, (2) 

where K is the matrix transforming A to the Jordan canonical 
form A = KJK t, and C is a vector of constants. Hence it is 
clear that for Zvl; # 0,Jis adiagonalmatrix while for ZU: = 0 
it has one second-order block, corresponding to zero latent 
roots, and all the others are of the first order. 

The general solution (2) provides the basis for computations 
of the thermal performance of parallel-Row heat exchangers. 
However, such computations are practically possible only if 
the number ofchannels is notably restricted, as otherwise they 
can be prohibitively time-consuming and difficult to carry out, 
particularly ifmatrix A happens to be ill conditioned. This last 
situation occurs when channels must be counted in tens or 
more, as is frequently found with plate heat exchangers. In 
such cases the approximate method developed by Settari and 
Venart [S] for solving equation (1) proves more effective [6], 
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